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Abstract 
Let Z. be the cyclic group of order n. For a sequence S of elements in Z~, we use f~(S) to 
denote the number of subsequences, the sum of whose elements i zero. In this paper, we give 
a characterization  the sequences S of elements in Zn for whichf~(S) < 2 Isl -" ÷ k - ,, under the 
restriction 1~ k ~< Fn/4] + i. As consequences of this result, we obtain some further character- 
izations on the sequences S of n elements in Z. for which f.(S) is not large. 
Let Z .  be the cyclic group of order n. For a sequence S = (at . . . . .  ak) of elements in 
k Zn, we use ~ S to denote the sum ~ ~= ta~. By 2 we denote the empty sequence and 
adopt the convention that Y. 2 -- 0. We usef~(S) to denote the number of subsequences 
T of S with ~ T = 0. Clearly, f~(S) ~>f~(2) = 1. In ['3], to give a positive answer to 
a conjecture of Erd6s, Olson proved that if al . . . . .  a, is a sequence of n nonzero 
elements in Zn, and if al . . . . .  an are not all equal, thenfn(S) >I n. In this paper, we first 
give a characterization  the sequences S of elements in Zn with f~(S) < 2 Isl -"  ÷ k- 1 
under the restriction 1 ~< k ~< ['n/4] + 1. As consequences of this result, we get some 
further characterizations on the sequences S of n elements in Z .  for whichf.(S) is not 
large. Among these characterizations, we generalize both the result of Oson and 
a result of Bulman-F leming and Wang. 
Let S = (at . . . . .  a . )  and T = (bl . . . . .  b=) be two sequences of elements in Zn with 
the same size. We say S is similar to T if there exist an integer c coprime to n and 
a permutation ¢ of { 1 . . . . .  m} such that al = cbo~o holds, for i = 1 . . . . .  m. Denote it by 
S --- T. Clearly,"  -~" is an equivalence relation, and if S ~ T then f~(S) =f~(T  ). 
For  any x ~ Z. ,  we use I x In to denote the least nonnegative inverse image of x under 
the natural homomorphism from the additive group of integers onto Zn, and we 
define [~ [. by 
~[ x [, if Ix In ~< n/2, 
I.el. = [I - x [~ if Ixl, > n/2. 
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Theorem 1. Let 1 <~ k < In/4] + 1, and S a sequence of elements of  Z. .  Suppose 
f .(S) < 2 Isl - ~ + J. Then, 
S - (1 . . . . .  1, - 1 . . . . .  - 1, xl . . . .  ,x~- l,Yl . . . . .  Yl), 
u v 
with ! = I SI - n + k, u >i v >10, u + v = n - 2k + 1, all x~ ~ 0, and ~=lk- a I~,1. ~< 
2k - 2. 
To prove Theorem 1 we need the following result. 
Lemma 1 (Gao [1,2]). Let 1 <~ k <~ [n/4] + 1, and S a sequence of n - k elements in 
Z. .  Suppose f . (S)  = 1. Then, 
S ---(1 . . . . .  l ,x l  . . . . .  x~- 1), 
n-2k+ 1 
with all xl # 0 and k- 1 5~i=1 Ixil. ~ < 2k-2 .  
For any integer m t> 0, we use  ~"~m to denote the set that consists of all m-telms 
sequences of elements in Z. .  
Proof of Theorem 1. Since 1 <~f. (S)<2 tsl-"+~, we have I S l>_ ,n -k .  Assume 
S = (a~ . . . . .  a.), h >/n - k. bet L be the set that consists ofal l  sequences of the form 
(El ai~ , . , .  , ¢:$ai/) 
with all i~ . . . . .  if are distinct, 1 ~<f~< h, 1 ~< ij ~< h, 1 ~<j ~<f, and e~ = 1 or - 1 for 
i= l  . . . . .  f. 
We claim that 
There exists a TELnf~n-k  such thatA(T  ) = 1. O) 
Assume (1) is false, then f . (T  ) t> 2 holds for every TELn I2 . _k .  We show next that 
f . (T  ) >t 2 "+ 1 holds for every 0 ~< r ~< ISI - n + k + 1 
and every T~ Lc~fl._k+,. (2) 
We proceed by induction on r. 
r = O, obviously. 
Taking r >t ! and assume that f . (T  ) i> 2" for any TELn l2n-k+, - i .  
Assume T = (c~,ai . . . . . .  ei.aJ, wherel  = n - k + r, 1 << it <~ h, all i~ are distinct, and 
~;~, = ! or - 1, for j  = 1 . . . . .  I. By induction, f . (T )  >~f.(e~ai~, . . . .  e~,aJ ~> 2, without 
W. Gao / Discrete Mathematics 163 (!~'07) 267-273 269 
loss of generality, we may assume that 
ei, ai, + ... + e~,ai, = O, (3) 
where 2 ~< t ~< I. 
Put W = (~i, ai,, ... ,8i,_, ai,_,, - ei a~,, . . . ,  - e~,_ a~,_,), clearly, T e L ra f~_ ,+,_  l ,  
by induction we have, f~(W )>/2". 
Note that f~(W ) is the number of the solutions of the following equation: 
el(ti ,  ai,) + ..- + et-s(ei,_,ai,_,) + e~(-t i ,  ai,) + ... + ez - l ( -e i , _ ,a i , _ , )  =0 ,  (4) 
w i the~=0or l  fo r j= l  . . . . .  l -1 .  
Adding (3) and (4), we get 
el(~i, ai,) + ... + ez-l(~i,_,ai,_,) + (~.i, ai,) = O, (5) 
where 
~ if 1 ~<j~<t - l ,  
e j=  i f t~<j~<l - I  and e j=0,  
i f t~<j~<l - I  and ~=1,  
this implies thatf~(T) >>- f,((ei, ai . . . . . .  ti,_, al,_,)) + fn (W ) >12" + 2" = 2 "+ l and proves 
(2). Taking r = ISI - n + k and T = S in (2) we get, f,(S) t> 2 Isl-"+k+ ', a contradic- 
tion. This proves (1), and then the theorem follows from Lemma 1. 
For a nonempty sequence S of elements in Z,, we use ~(S) to denote the set that 
consists of all elements in Z, which can b¢ expressed as a sum over a nonempty 
subsequence, i.e. 
Y.(S) = { ~ T IT  is a nonempty sub~quenc¢ of S }. 
As a consequence of Theorem 1 we shall prove the following generalization of the 
result of Olson mentioned above. 
Theorem 2. Let  S be a sequence o f  n nonzero e lements in Zn. Suppose S is not  s imilar to 
(1 . . . . .  1). Then,  (i) f~(S) t> n; (ii) i f  f , (S )  = n, then n >13, and fo r  n = 3, 
n 
S " (1,1,2); for n = 4, S - (1,1,1,2) or (1,1,1, - 1) or (1,1,2,2) 
or (1,1,2, - 1) or (1,2,2,2) or (1,2,2, - l ) ; fo r  n >15, 
S~-( I  . . . . .  1,2) or (1 . . . . .  1, -1 )  or (1 . . . . .  1,2, -1).  
n- I  n - I  n-2  
Proof. We may assume that n i> 5, for the theorem is easy to verify for n ~< 4. 
Taking an arbitrary sequence S of n nonzero elements in Z, withf,(S) ~< n. Define 
, . .  f l 'n/4"]+l i fS~<n~<l l ,  
k K[nJ 
~[n/4] if n 1> 12, 
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clearly,  2 k+ 1 > n >~f.(S), it fo l lows  f rom Theorem 1 that  
S"~( I  . . . . .  1, - I . . . . .  - 1, x l  . . . .  ,Xk - l ,y l  . . . . .  Yk), 
~-----------~- • 
u v 
with u ~ v /> 0, u + v = n - 2k + 1, all xl  ¢ 0,. and  F~ik_-~ I~,1. ~< 2k - 2. We cons ider  
[wo cases. 
Case 1: n >/12 .  If v />  2, then 
f~(S) ~>f.((l . . . . .  1, 1 . . . . .  1)) (u+v)>~(n-2k+l )  - -  - -  = > n _ . . . .  f . (S ) ,  
v 
a cont rad ic t ion .  Hence ,  v ~< 1. 
I f  v = 1, then 
n ~>~(S)  i> ((1 . . . . .  l ,  - I ) l f~((x l  . . . . .  xk- 1,Yl . . . . .  Y,)) 
n-  2k 
= (n - 2k + 1) f~((x l  . . . . .  x~- l ,y l  . . . . .  Yk)) 
n 
> ~ f . l l x l  . . . . .  xk-  1 ,y l  . . . . .  yh)), 
which  imp l ies  that  ~((x l  . . . . .  x~ _ 1, Y l ,  . . . ,  Yk)) - -  1. Therefore ,  i f  
f . ( ( l  . . . . .  l ,  Xz . . . . .  xk-  1,.vl . . . . .  Yk)) >I 2 ,  
n-2k -  1 
then 
f , (S )  >~ ((1 . . . . .  1, - 1)) +f , ( ( l  . . . . .  1, x l  . . . . .  xk- I,Yl . . . . .  Yk ) )  - 1 
n - 2k n - 2k 
>~n-2k+l  +n-2k+l -1  >n,  
a cont rad ic t ion .  Hence ,  
f~((1 . . . . .  1, x l  . . . . .  xk -1 ,Y l  . . . . .  y~)) = 1 
n-2k-  1 
it fo l lows  f rom Lemma 1 that (1 . . . . .  1, x l ,  ... ,x~_  1,Yl . . . . .  Yk) is s imi lar  to (1 . . . . .  1) 
n-2k-  I n -2  
or (1 . . . . .  1,2) ,  but n - 2k - 1 > 1, this impl ies  that  (1 . . . . .  1, x 1 . . . . .  x~ _ 1, Y m . . . . .  Yk) 
n n -2k -  1 
can be rearranged to {1 . . . . .  1) or  (1 . . . . .  1,2). Hence ,  S is s imi l iar  to (I ,  . . . ,  1, -1 )  or  
n-2  . -3  . -1  
11 . . . . .  1,2, -1 ) ,  andf~(S)  ~ n. 
n. -2  
W. Gao / Discrete Mathematics 163 (199 Z) 267-273 271 
i f  v = 0, then S "-, ( ~ ,  x~ . . . . .  Xk- ,,y~ . . . . .  Yh), without loss of generality, we 
n-2k - I  
may assume that all xi,y~ ~ - 1 (otherwise, it re~tuces to the ca~e ~ -- I). Si:ic¢, 
f~(S) ~< n we have 
~. ((x, . . . . .  Xk- ~, y, . . . . .  yk))ra{2k + 1,2k + 2 . . . . .  n - 2} = ~ (the empty set) 
(6) 
Hence, 
l<~lx i l . , lY j l .<~2k fo r /= l  . . . . .  k - l , j= l  . . . . .  k. 
Note that 1 ~ [xd. <~ 2k <~ n/2, we have, Ixdn =- I~ ln ,  therefore 
Ix l l .+  -.. + lxh - l l .= l~ l .+  -.. + [x-"~i-l[. ~< 2k-  2, 
this together with k = In/4] >/3 implies that either 2 or 3 is in Y~((x~ . . . . .  xk-l)), it 
follows from (6) that [y~[ # 2k, 2k - 1, fo r j  = 1 . . . . .  k. Hence 
1 ~<[yj[. ~< 2k-2  fo r j  = 1 . . . . .  k. 
So, we have 
[x~ln + --- + Ixh-~ I. + ly~l. ~< 2k -2  + 2k -2  < n - 2, 
this together with (6) implies that 
IXl[, + '.- + Ixh-~l.  + [Y~I. = [x~ + --- +x~_z  +y l [ .  ~<2k, 
therefore, 
Ixffil. + ... +[xk-~l .+ ly t l .+ ly2 l .<~2k+2k-2<n-2 ,  
it follows from (6) that 
Ix, I. + --- +lxk-~l .+ ly~l .+ ly2 l~=lx~ + ... +xh-~ +y~ +y2 l .~<2k 
continue the same progress we must get 
Ix, l .+  ... + lxk -~ l .+ ly l l .+  ".- + ly t l .  
=]x l  + ..- +Xh- l  +Yt  + "'" +Yk[. 
~< 2k. 
Hence, one can rearrange (x, . . . . .  xk- ,,Yl . . . . .  Yi) to (1 . . . . .  1) or (1 . . . . .  1,2), there- 
'----v-----' 
2k - 1 2 / t -  2 
fore S - (1 . . . .  ,1) or (1 . . . . .  1,2), and by the hypothesis of the theorem we have, 
n n - I  
S --- (1 . . . . .  1, 2), f.(S) = n. 
Case 2:5  ~< n <~ 11. For this case the proof is similar to Case I and we omit it. I"l 
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By using the s imi lar  method used in the proo f  of  Theorem 2, one can get the 
fo l lowing three results, here we only state the conclus ions and omit  the proofs. 
Theorem 3. Let n >1 7, and let S be a sequence of n nonzero elements in Zn. Sup- 
pose fn (S)#2,n .  Then, f . (S )~>2n-4  with eql,ality holding if and only if 
S- - - ( I  . . . . .  1 ,2 ,2 , -1 ) .  
' - - - -v - - - - '  
n -3  
Theorem 4. Let n >>, 22, and let S be a sequence of  n nonzero elements in Z~. Sup- 
pose f~(S) # 2,n,2n - 4. Then, fn(S) >1 2n - 2 with equality holding if and only if 
S ' - ,  (1 . . . . .  1 ,3 , -1 )  
n-3  
Theorem 5. Let n >1 500, and let S be a sequence of  n nonzero elements in Z~. Suppose 
f.(S) < (~2)  + 3. Then, f~(S) = 2 or n or 2n - 4 or 2n - 2. 
Theorem 6. Let k >>, 4 and let r. >>, k + 2 log  k. Then, (i) k ef~(I2.) if  and only if k 
is a power of two; (ii) if SeI2n with fn (S)=k=2 m, then either S"  
(1 . . . . .  l, x l  . . . . .  Xm-l,O . . . . .  O) with all x i#O,  and ~7' -111x i l ,~<2m-2,  or 
'------v-'--' 
n-2ra+ I m 
S 2(1  . . . . .  l, x l  . . . . .  xm,0 . . . . .  0) with all x1 #0,  and Y-7=l Ix~l~ = 2m - 1, where 
n-2m+ 1 ra - I  
f.(12~) = { f~(S) lSeQ,} .  
Proof.  Take  an arb i t rary Se f2 .  withf~(S) = k. Put  I = [ Iogk] ,  then 2 k+ ~ > k =f~(S).  
Since I ~< I'(k + 21og~)/4] ~< In/4],  it fol lows from Theorem 1 that 
S "-- (1 . . . . .  1, - i . . . . .  - l , )q  . . . . .  Y21-I), 
u 
whereu/>v>~0,  andu+t '=n-21+l .  
Let r be the number  of  the t imes that  0 occurs in S. Then,  
S -~ ~1 . . . . .  1, - 1 . . . . .  - l , x l  . . . . .  x2a- 1 _ , ,0  . . . . .  0), 
u r 
with all x~ :/: 0. 
l f v  >/1, thenJ~,(S) ~>j~,((l . . . . .  1, - 1 . . . . .  - 1)) >/n  - 21 + 1 > k, a contradict ion.  
u t" 
Hence,  r = 0. It is easy to see that no one of  n -  1, n -  2 . . . . .  21 belongs to 
((xt . . . . .  x2t- ~-,)), and simi lar to the proof  of  Theorem 2, one can get 
21-  I - r  
)-" Ix, l ,~<2l -  1, 
i=1  
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therefore, 
2 '  if ~21~t- ' l x i ln  ~< 21 - 2, 
A(s) 2"+s if ~2~'~1 ,= - ' Ix,  In =" 21-- 1. 
This completes the proof. []  
Remark. In 1986, Bu lman-Feming determined all sequences Se~R withf~(S) = 2, 3. 
By using Theorem 6 we determined all sequences Se~ with 4 ~<f~(S) ~< 8 in [2:]. 
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